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Abstract 

For spacelike stationary (i.e. zero mean curvature) surfaces in 4-dimensional 
Lorentz space one can naturally introduce two Gauss maps and Weierstrass repre- 
sentation. In this paper we investigate their global geometry systematically. The 
total Gaussian curvature is related with the surface topology as well as the indices 
of the so-called good singular ends by a generalized Jorge-Meeks formula. On the 
other hand, as shown by a family of counter-examples to Osserman's theorem, finite 
total curvature no longer implies that Gauss maps extend to the ends. Interesting 
examples include the generalization of the classical catenoids, helicoids, the Enneper 
surface, and Jorge-Meeks' /c-noids. Any of them could be embedded in M.f, showing 
a sharp contrast with the case of M 3 . 
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1 Introduction 

Zero mean curvature spacelike surfaces in 4-dimensional Lorentz space R| include 
classical minimal surfaces in R 3 and maximal surfaces in R 3 as special cases. They 
are no longer local minimizer or maximizer of the area functional. Hence we call 
them stationary surfaces which are always assumed to be spacelike in this paper. 

We got interested in this topic when studying several surface classes arising 
from variational problems in Mobius geometry and Laguerre geometry [23J, |31j . 
After reducing our original problems to stationary surfaces in R|, we searched the 
literature and found very few papers on this general case, which contrasted sharply 
to the rich theory and deep results on minimal surfaces in R 3 (see the recent survey 
[26]) and maximal surfaces in R 3 [30j . 

This situation motivated us to extend the general theory about the global geom- 
etry and topology of minimal surfaces in R 3 to these stationary surfaces in M.f. As 
a preparation, Section 2 introduces the basic invariants, equations, and the Weier- 
strass type representation formula in terms of two meromorphic functions (j), ip (cor- 
responding to two Gauss maps, namely the two lightlike normal directions) and a 
holomorphic 1-form dh (the height differential). Here we see that the local geometry 
of stationary surfaces are quite similar to usual minimal surfaces in R 3 . 

But stationary surfaces have quite different global geometry. The classical Osser- 
man's theorem says that a complete minimal surface in R 3 with finite total Gaussian 
curvature always has well-defined limit for the Gauss map at each end. In contrast 
with this, in Section 3 we construct complete stationary surfaces with finite to- 
tal curvature, whose Gauss maps </>, ip have some essential singularities at the ends 
(hence the Weierstrass data could not extend analytically to the whole compactified 
Riemann surface). 

Secondly, the behavior of ends is more complicated. There exists the so-called 
singular end where the limits of the two lightlike normal directions coincide. In terms 
of the Weierstrass data <p, ip, at the end we have <p = ip. When they take this limit 
value with the same multiplicity, the total Gaussian curvature will diverge. Such an 
end is called bad singular end. In the other case we define index for good singular 
end. These are discussed in Section 4. We then derive a Gauss-Bonnet type theorem 
in Section 5 for algebraic stationary surfaces (i.e. the Weierstrass data extend to 
meromorphic functions/forms on compact Riemann surfaces) without bad singular 
ends. This generalizes the Jorge-Meeks formula in R 3 and provides a cornerstone 
for constructing various examples with given global behavior. 

From Section 6 to Section 8 we generalize classical examples like catenoids, heli- 
coids, the Enneper surface, and Jorge-Meeks' /c-noids. In particular, the generalized 
Enneper surfaces and A;-noids could be embedded in R|. Thus many uniqueness 
theorems for completely embedded minimal surfaces in R 3 no longer hold true, and 
embeddedness is no longer such a strong restriction on the global geometry and 
topology of such surfaces in R|. We just mention two most famous results among 
them. 

Theorem (Lopez- Ros theorem |21j): Complete, embedded minimal surfaces in R 3 
with genus and finite total curvature are planes and catenoids. 
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Theorem (Meeks and Rosenberg Helicoids are the only non-flat, properly 

embedded, simply connected, complete minimal surfaces in R 3 . 

The reader might think that in such a codimension-2 case it is easy to deform 
any surface and avoid self-intersection. But one should keep in mind of the other 
restrictions such as being spacelike and complete. Besides that, transversal inter- 
section is still possible which could not be eliminated by small perturbation. Thus 
the existence of many complete and embedded examples in is a non-trivial fact. 
It is a very interesting question whether one can establish some similar uniqueness 
theorem under the assumption of embedding in this new context. See discussions in 
Section 9 among other open problems. 

We would like to mention some previous work on stationary surfaces which are 
also important motivation to our work. Estudillo and Romero [9] considered the ex- 
ceptional value problem for the normal directions and established certain Bernstein 
type theorems for complete stationary surfaces in R™. Alias and Palmer [2] dealt 
with curvature properties of such surfaces in Rf. The Weierstrass type represen- 
tation in R| should also be known already. It seems quite natural to extend from 
minimal surfaces in R 3 to our case by using the classical method systematically. 
What puzzled and surprised us is that nobody did this before (to the best of our 
knowledge). The main reasons might be as follows. 

First, according to our observation, there do exist richer phenomenon and new 
difficulties in Rf. The Osserman's theorem fails, and the singular ends as well as the 
problem of solving the equation <p = ijj are new challenges not so easy to overcome. 

Second, as pointed out at the beginning, the stability property of stationary 
surfaces in R| is bad. People might not have great interest in considering a surface 
class without much physical significance. (But under suitable restrictions on the 
allowed variations, there are still stability results. See Palmer's work [l].[29].) 

Last but not least, the embedding problem gets harder, and the 4-dimensional 
case loses the beautiful geometric intuition which is always so appealing in the 3- 
space. For the purpose of visualization, one may take a slice (i.e. the intersection 
of x{M) with a 3-space X4 = or X3 = 0), or a projection to such 3-spaces. But 
neither of them is satisfactory. 

Acknowledgement This work is supported by the the Project 10771005 and 
the Project 10901006 of National Natural Science Foundation of China. 

2 Weierstrass Representation 

Let x : M 2 — > R| be an oriented complete spacelike surface in 4-dimensional Lorentz 
space with local complex coordinate z = u + \v and zero mean curvature H = 0. 
The Lorentz inner product (•, •) is given by 

/ -"\ _ 2,2,2 2 

\X, X j — X-^ ~j~ X<2 \ X^ X 4. 

The induced Riemannian metric is ds 2 = e 2cj |d2:| 2 on M. Hence 

(x z ,X z ) — 0, (x z ,Xz) — —6 
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Choose null vectors y, y* in the normal plane T gM at each point such that 

(y,y) = Ot,y*) =0, (y,y*) = l, det{x u , x v ,y,y* } > . 

Such frames {y, y*} are determined up to scaling 

{y, y*} {Ay, A- 1 ^} (1) 

for some non-zero real-valued function A. After projection, we obtain two well- 
defined maps (independent to the scaling (JT])) 

W\, m:M^S 2 ^{[v]£RP 3 \(v,v)=0}. 

The target space is usually called the projective light-cone, which is well-known to 
be homeomorphic to the 2-sphere. By analogy to M 3 , we call them Gauss maps of 
the spacelike surface f in 

The structure equations is derived under the (complex) moving frame {x z ,x z , y,y*}: 



x zz = 2u z x z + 0,* y + O, y* , (2) 

x zz = 0, (3) 

y z = ay-2e~ 2uj Q x- z , (4) 

y* z = -af- 2e~ 2 "n* x z . (5) 



Here Q = (x zz ,y),Q* = (x zz ,y*) are only quasi-invariants (since they are defined 
only up to scaling ([T|)) whose geometric meaning is similar to the usual Hopf differ- 
ential, adz = (y z ,y*}dz gives the connection 1-form of the normal bundle. 

Note that equation ([3]) means x is still a vector-valued harmonic function, which 
is equivalent to the condition H = (zero mean curvature). 

The integr ability equations are: 

K = -4e~ 2uJ uj zz = -4e~ iui {nW + QSl*) , (6) 

n z - a n = n* g + a n* = o , (7) 

K 1 = -2i • e- 2uJ {a z - a z ) = -4i • e~ iui (nW - QQ*) . (8) 

Here K, K are the Gaussian curvature and the normal curvature, respectively. The 
equations O and (|SJ) may be combined to form a single formula: 

-K + iK ± = 8e~ iui nW . (9) 

Together with (|7|), it follows that 

Aln(-K + iK ± ) = -4K + 2K ± i , (10) 

where A = 4e _2a; g|^ is the usual Laplacian operator with respect to ds 2 . (Similar 
formulas have appeared in [2].) 

The assumption of zero mean curvature implies that the two Gauss maps [y\, [y*] : 
M — > S 2 are conformal, i.e. 

ivztVz) = (y* z >y*z) = > 

by dH)©- In particular, they induce opposite orientations on the target space S 2 
according to the observation in |31j . Assume that [y\ is given by a meromorphic 
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function <f> = cp 1 + i(p 2 :M->CU {o°}> and [y*] is given by the complex conjugation 
of a meromorphic function, i.e. ip = ip 1 — iip 2 :M->CU {°°}- 

Since [y\ / [y*\ at any point, we have <fi $ over M and they do not have poles 
at the same regular point. Denote 

(j)-^ = pe ie , p > . (11) 

Then we can write 

y = — ^^,—2— .—J— J' < 12 ) 

1> ,-4 , o , n • ( 13 ) 



y p V"" ' r ' 2 ' 2 
Since ^ = ^ = 0, by a direct calculation we have 

a=(y z ,y*)=i9 z , (14) 
y 2 - ay = --^e- i V,(^ + ^,i(0-^), 1-^,1 + ^) , (15) 

jft + «r = --i-e^ + 1 + ■ (16) 



It follows from (|4J). (|15p that there exists a holomorphic differential dh such that 

x z dz = (j) + ip,-i(<p - if)), 1 - (pip, 1 + 0v)d/i . (17) 
Then we get a Weierstrass representation of stationary surface x : M — > Rf : 
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(# + ^,-i(0-^),l-^,l + #W (18) 



in terms of two meromorphic functions <p, ip and a holomorphic 1-form dh = h'(z)dz. 

Remark 2.1. When = — ^, the above formula (fTSj) yields a minimal surface in M 3 
and we recover the classical Weierstrass representation. 

When <f) = ^, (|18|) gives the Weierstrass representation for a maximal surface in 

R 3 . 

When or ^ is constant, without loss of generality (see Remark 12.31 and (|19p ) 
we may assume ifj = 0. After integration we get £3 — X4 = constant, hence x is a 
zero mean curvature surface in a 3-space Rq (which is endowed with a degenerate 
inner product). 

Thus all these classical cases are included as special cases of our generalized 
Weierstrass type representation. 

Definition 2.2. Similar to the case of minimal surfaces in R 3 , we call (p,ip the 
Gauss maps of x, and dh the height differential. 

Remark 2.3. It is important to consider the effect of a Lorentz isometry of Rf on 
the Weierstrass data, which will be frequently used to simplify the construction of 
examples, and to reduce general situation to special cases. Observe that the induced 
action on the projective light-cone is nothing but a Mobius transformation on S 2 , 
or just a fractional linear transformation on CP 1 = C U {00} given by A = (" j) 
with a, b,c,d& C, ad — be = 1. The Gauss maps (p, ip and the height differential dh 
transform as below: 

^^a^ + b ^^i±k dh ^ {c4> + d){ci> + d)dh . (19) 
ccp + a cip + d 
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Theorem 2.4. Given holomorphic 1-form dh and meromorphic functions (ft,ift : 
M — > C U {00} globally defined on a Riemann surface M . Suppose they satisfy the 
regularity condition 1),2) and period condition 3) as below: 

1) (ft 7^ ift on M and their poles do not coincide; 

2) The zeros of dh coincide with the poles of (ft or ift with the same order; 

3) Along any closed path the periods satisfy 



<L cftdh = - j> iftdh, Re I dh = = Re I cftiftdh . (20) 

Then (|18p defines a stationary surface x : M — > . 

Conversely, any stationary surface x : M — > M.f can be represented as (|18|) in 
terms of such (ft, tft and dh over a (necessarily non-compact) Riemann surface M. 

We give a detailed explanation of condition 1), 2) instead of proving the theorem 
(which is easy and similar to the known case of minimal surfaces in M 3 ). For a 
stationary surface constructed by fjlTf) . we find the metric 

e 2 ^|dz| 2 = (x z ,x 2 )\dz\ 2 = 2\(ft-i>\ 2 \dh\ 2 . (21) 

Thus (ft ^ ^ when the values (ft(z),vfj(z) are finite. The exceptional case is at the 
poles of (ft or ift, which is equivalent to the previous situation, since we could take 
any point on S 2 to be the north pole up a rotation, or equivalently, take any point 
to be 00 G CP 1 up to a linear fractional transformation as in (|19p . So (ft, ip would 
not have poles at the same point on M. This explains condition 1). Now condition 
2) is self-evident by (pTj) . (The geometric interpretation for (ft ^ xjj is that [y\, [y*] 
are distinct at any regular point as pointed out before (jllh .) 

In R 3 , condition 1) is satisfied automatically since we have (ft = — ^ which is never 
equal to ip. The corresponding lightlike normal vectors are given by (n, ±1) € M.f 
where n is the unit normal vector in M 3 .) 

In contrast, for maximal surfaces in M 3 , a typical phenomenon is that they have 
certain singularities. The best-known example is the catenoid in M.f given by (fT8l) 
with 

1 dz 

cft = z, ift = -, dh = — , M = C\{0}. (22) 
After integration we obtain a rotational maximal surface x = (xi, X2, X3, X4) with 



x\ + x\ = sinh(x4), X3 = 0. 

Compared to the catenoid in M 3 , this example is peculiar in that it has a cone-like 
singularity, which corresponds exactly to points on the circle \z\ = 1 where (ft = if). 

Next we express the geometrical quantities of stationary surface x : M — > 
in terms of the Weierstrass data (ft,ift and dh = dh{z) = h'{z)dz. Comparing 
Pl).p. (P]) . ([T6]l . ([ED, and (HU we obtain 

n = -^e- i9 ti(z)q) z , Q* = -L e i9 ti(z)ift z . (23) 
\/2 v 2 

Then by Q we get 

-K + iK ± = Ae-^e- 2ie \h\z)\ 2 (ft z ift- z = 4e~ 2 " ( ^ z \ 2 = Ahu> - i>) . (24) 

{(ft-ipy 
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Now we have an extremely important formula below for the total Gaussian and 
normal curvature over a compact stationary surface M with boundary dM: 



(-K + iK ± )dM = [ -^b-du A dv = 2i / . P~ dz Adz 

Jm W ~ VO Jm O - i>Y ^ 



-2i / — <!: - -2i / -^=df. 



<M 

= -2i i 

dM (t>-1p JdM & ~ 1p 

Remark 2.5. It is easy to see that K 1 - = when x is contained in a 3-dimensional 
subspace. By Remark |2. II we deduce that 

• K < for minimal surfaces in M 3 ; 

• K > for maximal surfaces in M 3 ; 

• if = for zero mean curvature surfaces in Rjj. 

These agree with well-known facts. For more on curvature properties of complete 
stationary surfaces, see [2]. We emphasize that in general the Gaussian curvature 
K does not have a fixed sign. Hence the improper integral J M KdM is meaningful 
only when it is absolutely convergent. 

Remark 2. 6. The complex integral f M {— K +\K^-)dM is very important. Sometimes 
we say that x : M — > M.f has finite total curvature if this integral converges absolutely, 
i.e., 



f | -K + iK ± \dM < +oo 



This implies finite total Gaussian curvature J M \ K\dM < +oo. But we do not know 
whether the converse is true. 

Convention: In this paper, we always assume that neither of (j),ip is a constant 
unless it is stated otherwise. According to Remark 12.11 that means we have ruled 
out the trivial case of stationary surfaces in Eq. 



3 Finite total curvature and essential singularities 

Recall that a significant class of minimal surfaces in M 3 is those complete ones with 
finite total Gaussian curvature, i.e., 

/ \K\dM = - I KdM < +oo. 
Jm Jm 

The importance of this condition relies on the following classical result. 

Theorem 3.1. Let(M,ds 2 ) be a non-compact surface with a complete metric. Sup- 
pose f M \K\dM < +oo, then: 

(1) (Huber fLflJ ) There is a compact Riemann surface M such that M as a Rie- 
mann surface is biholomorphic to M\{p±,p2, ■ ■ ■ ,p r }- 

(2) (Osserman' L 28l) When this is a minimal surface inM 3 with the induced metric 
ds 2 , the Gauss map G = <f> = — 1/tp and the height differential dh extend to each 
end pj analytically. 
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(3) (Jorge and Meeks fTSjl) As in (1) and (2), suppose minimal surface M — > M 3 
has r ends and M is the compactification with genus g. The total curvature is related 
with these topological invariants via the Jorge-Meeks formula: 

f KdM = 2tt f 2 - 2g - r - dj ) , (26) 

Jm y ^ ) 

Here dj + 1 equals to the highest order of the pole of x z dz at pj, and dj is called the 
multiplicity at the end pj . 

Huber's conclusion (1) means finite total curvature =>■ finite topology, which is a 
purely intrinsic result. In particular, this is valid also for stationary surfaces in 

As to the extrinsic geometry of minimal M 2 — > R 3 with finite total curvature, 
Osserman's result 2) shows that we have a nice control over its behavior at infinity. 
To our surprise, this is no longer true in M.f. In particular we have counterexamples 
given below: 

Example 3.2 (M^^ with essential singularities and finite total curvature). : 



M ka ^C- {0}, <f> = z k e az , V = -^ir, dh = e~ az dz . (27) 

z k 

where integer k and real number a satisfy k > 2,0 < a < 

Proposition 3.3. Stationary surfaces Mf. a in Examples \3.S\ are regular, complete 
stationary surfaces with two ends at z = 0, oo satisfying the period conditions. More- 
over their total curvature converges absolutely with 



KdM = -47rk , / K^dM = . (28) 
m Jm 

Proof. Firstly, our examples have neither singular points nor singular ends. We 
don't need to consider z = oo where (f) and ifi have essential singularities. The only 
pole of 4>, ip is z = where 4>(0) = ^ oo = ^(0). Then one need only to verify 
4> 7^ tp on C — {0}. Suppose 4>(z) = ip(z) for some 2^0. Using (J27l) and comparing 
the norms we see \z\ = 1. Let z = e ld for some 9 £ [0,2-7r). Then the equation 



(z) = ip(z) is reduced to 



2ai sin 9 -i 



which has no real solutions for 9 when < a < ^. This proves our first assertion. 
Secondly, the period conditions are obviously satisfied, since any of 

dh = e~ az dz, <fn/;dh = -e az dz, <j)dh = z k dz, ^dh = -z- k dz 

have no residues (note that k > 2). 

Thirdly, the metric of M^ A is complete by the following simple estimation: 

, ^-fcp«(*-*)iu~i / M" fc l d 4 Mo); 



ds = \ ( j ) -iP\\dh\ = \z k + {zy k ^ z -ndz\~{ (M) 



Finally we estimate the absolute total curvature: 

l</>- Vf 



K + ih~ J -\dM - -2i / -^4-dzAdz 



. \az + k\\k- az\ 
2i / ■ ■ ^dz A dz. 



C llzl^ - ^ + I z\ 1 — ^Q a ( z ~ z ) 



2 



8 



When r = \z\ — > the integrand is almost the same as k 2 r 2k ~ l drd9 with respect to 
the polar coordinate; when r = \z\ — > oo we have a similar estimation as r 1_2fc drd#. 
Each of these two improper integral converges when r — > or r — > oo, respectively. 
Thus the total curvature integral converges absolutely. 

To find the exact value of the integration, we approximate C by domains A r ^ = 
{0 < r < \z\ < R}. Using Stokes theorem for A r ^ we obtain 



/ (-K + iK ± )dM = 2i [ -^1-dzAdz 



where 



2i <z> =dz — 2i <x> =dz 

<\z\=R<f>-1p J\ z \=r4>-1p 

a + k/z 



1 + e a< - 2 - z y\z\ 2k 

When R — > oo the first contour integral converges to 2i <f^ z ^ =R ^dz = —Awk. When 
r — > the second contour integral converges to 0. This completes the proof to 
Proposition 13.31 as well as the formula (|28p . □ 

We can construct similar examples as below. The reader may compare this to 
the generalized catenoid in Section 7 and the generalized Enneper-type surfaces in 
Section 8. 



Example 3.4 (Enneper surface E^^ a with essential singularities). : 

p az . 

E k)a ^ C, <f> = z k e az , V = dh = z k e~ az dz . [k G Z> 2 , a G (0 

Example 3.5 (Catenoid Ct, a with essential singularities). : 



/,,, - l, - {0}, <j) = z k e az , ?p = dh = ^dz . ( k G Z> 2 , a G (0, 



z k ' "" z k "" " V -*" ' 2 

Remark 3.6. When a = in Example 13.41 we get Enneper surfaces in M 3 wit/i higher 
dihedral symmetry. Similarly in Example 13.51 when a = 0, k = 1 we get the classical 
catenoid in M 3 . So these examples might be regarded as deformations of Enneper 
surfaces and the catenoid. When k = 1 and a ^ 0, it seems that Example 13.41 
and 13.51 provide new complete regular stationary surfaces in M| with total curvature 
J M KdM = —4ir. Yet this understanding is wrong since the total Gaussian curvature 
does not converge absolutely when k = 1. 

Remark 3.7. A theorem of Peter Li [18] says that for a complete surface with finite 
topological type and of quadratic area growth, under the assumption that its Gauss 
curvature does not change sign, it must has finite total curvature. Anyone of our 
examples (j2"T|) has quadratic area growth by ([29]) and satisfies other assumptions of 
his theorem except that the Gauss curvature never has a fixed sign around the end 
z = oo. (This last assertion is left to the interested reader to verify.) So the total 
curvature is not necessarily finite, which is the case when k = 1. 

In general, a minimal surface in M 3 or a stationary surface in Wf is called an 
algebraic minimal surface if there exists a compact Riemann surface M with M = 
M\{pi,p2, ■ ■ ■ ,p r } such that x z dz is a vector valued meromorphic form defined 
on M. In other words, the Gauss map <fi, tp and height differential dh extend to 
meromorphic functions/forms on M. For this surface class we may establish a 
Gauss-Bonnet type formula (j26j) (see Theorem 15 .6|) which involves the indices of 
the so-called singular ends. 
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4 Singular ends 



Let x : M — > M.f be a complete stationary surface given by (|18|) with Weierstrass 
data 4>,ip,dh. Its global geometry and topology is closely related with the behavior 
at infinity, where we have a similar definition of (annular) ends like the case in M 3 . 
In this paper we always assume that the period condition (|20p is satisfied at an 
annular end unless it is stated otherwise. 

At an end of x : M — > K|, although one of the four components of x tends to oo, 
the surface might still be incomplete due to the Lorentz-type metric of the ambient 
space. The simplest example is as below: 

cj) = z ~ 2 , V = z~ 3 , dh = dz. (30) 

Using (118p ( 12ip . the reader can verify that the surface has an incomplete end at 
z = oo. Notice that at this end we have 4>(cc) = vp(oo) which is a typical case for 
such examples. 

In general, although (f> 7^ "0 at any regular point of a stationary M — > Rf, it 
might happen that <f> = tp at one of the ends. This time the total curvature (|25p 
involves an improper integral. On the other hand, when the total curvature is finite, 
the worst case is that there are finite many such ends by Huber's theorem. Thus we 
restrict to consider isolated zeros of complex harmonic function </> — ?/> in this section. 

(It is an annoying problem to solve the equation <ft(z) — ijj(z) = or to show 
non-existence of solutions for given functions 4>,ip over a given Riemann surface M. 
See Section 6 to 9 for examples and discussions.) 

Below we always use D to denote a neighborhood of z = on C and D is 
homeomorphic to a disc. By D — > {0} we mean any limit process, or a sequence of 
smaller and smaller neighborhood • • • D -Dj D -D?,+i D ■ ■ ■ whose intersection is {0}. 

4.1 Two types of singular ends 

Definition 4.1. Suppose x : D — {0} — > M.f is an annular end of a regular stationary 
surface (with boundary) whose Gauss maps 4> and ip extend to meromorphic functions 
on D (namely, z = is a removable singularity or a pole for both 4>,ip). It is called 
a regular end when 

0(0)^(0). (Thus (j)(z) ^ip(z), V z 6 D.) 

It is a singular end if 0(0) = V>(0) where the value could be finite or 00 (i.e., z = 
is a pole of both 4> and ip). Such ends are divided into two classes depending on 
whether functions (j), tp take the same value at z = with the same multiplicity or 
not. When the multiplicities are equal we call it bad singular end. Otherwise it is a 
good singular end. 

The total Gaussian curvature is finite around a regular end by (|25p . As to a 
singular end, we may assume that = ^ = at z = 0. Without loss of generality 
we may write it out more explicitly: 

cj) = z m + o{z m ), ^j = bz n + o(z n ) 

for complex number b 7= and positive integers m, n. Write z = re 1 ® with r > and 
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9 G [0, 271") . At a good singular end m ^ n. Suppose m > n > 1. Then by ([25 



/" (-K + ii^)dAf = 2i / - ^L- dzAdz 
Jd Jd w - VO 



r r m+n-2( i(m-l)0 i „WVp-i(n-l)« _i_ of,,^ 

= "4 / ^ ■ \J >[ f ^ { " rdrde -»■ 0. (I> -> {0}) 

r 2n(fc e -i(n-l)0 + (r))) 2 

This integral converges absolutely. 

Remark 4.2. In particular, by (j25[) we see that the line integral 

-^dz and <£ — - dz 



I9D 4>~tp JdD <f>-ip 

both have well-defined limit when the neighborhood L> — )■ {0}. 
If this is a bad singular end, m = n > 1, then 

J (-K + iK ± )dM = -A J (^p- + ° (;) ) drd0 ■ 

This integration does not converge absolutely. Moreover it does depend on the limit 
process of D — > {0}. As an explicit example, one can verify that the integral 

f dz 

/ ;p, A = {z\Re(z) G (-a, a), Im(z) G (-6, b)} 

JdA z - zz 

does depend on the choice of positive real numbers a, b. Hence by (|25p the curvature 
integral when cp(z) = z,tp(z) = 2z is divergent around any neighborhood of z = 0. 
In summary we have proved 

Proposition 4.3. A singular end of a stationary surface x : D — {0} — > M.f is 
good if and only if the curvature integral (|25p converges absolutely around this end. 
Around a regular end or a good singular end, the two line integrals § dD -^z^dz and 

§dD ^p^p d ^ has a well-defined limit when D — > {0}. 

Later we will see that there exist complete stationary surfaces of finite total 
curvature with finite many good singular ends (see Example 16.81 and 16. 9p . 

4.2 Index of a good singular end 

To establish a Gauss-Bonnet type formula relating the total Gaussian curvature and 
the topology for such surfaces we need to define the index of a good singular end. 
This is equivalent to the usual index of a zero of the complex function (p — 'ip (suppose 
at the end z = 0, 0(0) = -0(0) ^ oo without loss of generality). 

Lemma 4.4. Denote D e = {z\\z\ < e}. Let m,n be non-negative integers. Then 

f dln(z m -z n ) = \ ^-.^ m<U; (31) 
JdD e I _27ri ' n > m>n. 

Proof. The result is trivial when m = or n = 0. If m, n > 1, we have 

mz m-l r _ n gn-i 



dln(z m -z n )= <f> dz + d> dz 

dD £ JdDZ m -Z n JdDZ m -Z n 
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mz m 1 , „ ,. f —nz n 1 



If m > n, lim d> dz = , lim d> dz = —n ■ 2tt\ . 

JdD e Z m -Z n e^O J dDe Z m - Z n 



If m < n, lim d> dz = m ■ 2tt\ , lim d> dz = . 

JdD £ Z m -Z n e^O J dDe Z m - Z n 

Since the integral is independent to the choice of D € , taking the limit e — > we get 
the result. □ 

Observe that according to Remark 14.21 an these integrals above has a well- 
defined limit when we consider generic neighborhood D p and general limit process 
Dp —7- {p}. Moreover we can state our results in a more general way as below and 
the proof is direct. 

Lemma 4.5. Suppose p is an isolated zero of <ft — xj) in p's neighborhood D p , where 
holomorphic functions <f> and ip take the value 4>(p) = ip{p) with multiplicity m and 
n, respectively. Then we have: 

f 4>z f ipz _ 
If m > n, lim (h =dz = , lim (p =dz = —n ■ 2ix\ . 

A>->w JdD p 4>-y D P ^{ P } j dDp 4>-ip 

If m < n, lim (f — ^-^dz = m ■ 2tti , lim J) ^ z - dz = . 
D v ->{p} JdD v <f>-*P D p ^{p} J 9Dp <f>-1p 



In particular, 



J-/ dln(^-^) = ( m ' m<n; (32) 
2vriJ 9 n KV ¥J \ -n, m>n. K J 



These integer-valued topological invariants help us to define two kinds of indices 
at a good singular end x : D p — {p} — > M.f. 

Definition 4.6. The index of <j> — ip at p is 

md p ((f>-ij)= lim — I dln(0 - ip) . (33) 
D P ^{p} 27T1 J dDp 

The absolute index of <f> — ip at p is 

ind+(0-^)^|ind p (0-^)|. (34) 

Remark 4.7. For a regular end our index is still meaningful with 

ind = ind + = 0. 



So these indices distinguish regular ends from singular ends. 

Remark 4.8. Note that our definition of index of (p — ip is invariant under the action 
of fractional linear transformation (|19|) . So it is well-defined for a stationary surface 
with good singular ends and independent to the choice of coordinates of R|. In 
particular, we can always assume that our singular ends do not coincide with poles 
of (j), ip, hence the definition above is valid. 

We notice that the poles of (p or ip are also singularities of d\n.(<p — ip) in a general 
sense. They contribute to the indices of singularities according to 
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Lemma 4.9. Suppose (ft is a meromorphic function in a neighborhood D q of q with 
one pole of order k, ip is holomorphic in D q . Then 



dln((ft — if)) = lim <f> =dz = — 2iri ■ k 

8D a D q ^{ q } J dDq (ft-lft 



lim d> — - dz = 



D g ->{q} JdD q <t>- lp 

(When (ft is holomorphic and ip has a pole we have similar result with a different 
sign.) 

Proof. By the residue theorem, and simple estimation using 



<t>z <t>z - i>(q))<j>z 



(ft-ift 0-^(g) {<ft-ip){(ft-ift{q)) 

□ 

4.3 An index theorem 

Proposition 4.10. Let (ft, ip : M — > CU{oo} be meromorphic functions on compact 
Riemann surface M . Suppose (ft = ip on {pj,j = 1, • • • , k}. Denote the usual degree 
of a holomorphic mapping by deg (ft and alike. Then we have 

^2 j'md Pj ((ft-ift) = deg (ft - deg ip . (35) 

Proof. Suppose (ft,ip have distinct poles {q{\ and {q m }, whose orders sum to deg (ft 
and degip, respectively. Without loss of generality, assume pj's are distinct from 
them. dln((ft — xjj) is an exact 1-form on the supplement of these distinct points. 
Using Stokes formula we get 



27ri- ^lndp . (0 — VO = / nm f dln(<ft 

ki ,. k2 ,. 

= — lim (p dln((ft — ip) — lim (p 

j^ D n^{n} JdD qi 



ip) 

k2 

dln(<ft — ip) 



27ri(deg (ft — deg ip) . 



The last equality follows from Lemma 14.91 (note that ip{q{) is a complex number 
when qi is a pole of (ft). The conclusion is thus proved. □ 

Corollary 4.11. Let (ft and ip be holomorphic maps from M to CP 1 satisfying (ft ^ 
on M . Then deg (ft = deg ip. 

This corollary could also be proved by considering the mapping (ft — tp : M — > 
CP 1 = CU {oo} and counting the number of inverse images of and oo, separately. 
Proposition 14.101 appears later as a corollary of Theorem 15.11 See (|39|) . 

5 Gauss-Bonnet type formulas 

After discussing singular ends and their indices in detail, now we are prepared to 
state and prove the following main result: 
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Theorem 5.1. Let x : M — > M.f be a complete stationary surface given by (|18[) 
in terms of (ft, ift, dh which are meromorphic functions /forms defined on a compact 
Riemann surface M (such surfaces are called algebraic stationary surfaces ). It may 
have good singular ends, but no bad singular ends. Then the total Gaussian curvature 
and total normal curvature are related with the indices at the ends pj (singular or 
regular) by the following formulas: 

K L dM = ; (36) 

M 



J 



KdM = -4vr deg (ft + 2vr 3 - (md+. {(ft - iJj) + ind Pj (eft - $)) (37) 
= -4vr deg V + 2vr ^ (ind+. ((ft - $) - ind Pj (<f> - ^)) . (38) 



From (|37p(|38p we have equivalent identities: 

^2 jindpj = deg - deg V> ■ (39) 

J KdM = -2vr (^deg + deg ^ - ^ ,-ind+ (0 - ^)) . (40) 

Proof. Without loss of generality, assume that the meromorphic functions 4> on 
M have poles {p r +i, • • • ,p m } which are distinct from the ends {pi, ■ ■ ■ ,p r }- Take 
disjoint neighborhoods of {pi,-- - ,p r ,p r +i, • " ,Pm} respectively and denote them 
as 

{Di, -- , D r , D r+ i, ■ ■ ■ ,D m }. 

By assumption, the ends are regular ends or good singular ends, around which the 
curvature integral must converge absolutely (Proposition 14, 3p . Thus the limit 

lim f (-K + iK ± )dM 

is well-defined and independent of the limit process Dj — > {pj} for all 1 < j < m. 
Apply Stokes theorem to M — (Jj=i Dj and invoke (|25p . We obtain 

/ (-K + iK ± )dM = 2i lim f ^i- dzAdz 

JM Dj->b>j} JM-lJDj {(P-V) 

= 2i y lim / — ^-^dz 

The singularities of the 1-form -^f—dz come from either the zeros of <f> — 'tp when 
j < r, or the poles of (ft when j > r + 1. In the first case, by Lemma 14.51 the limit 
for each j = 1, ■ ■ ■ , r is either md((ft — ip) or zero, depending on whether the index 
is positive or negative. In the second case, the limit is the order of pole of (ft by 
Lemma 14.91 Taking sum we get (|36|) and ([371) . 

(I38p is derived in a similar fashion by considering -i~pdz instead of -^~dz when 



using Stokes theorem. Taking sum or difference of (|37j) and (j38j) . we obtain (|40j) 
and ([39]) . respectively. □ 

Note that by (|3TP and (|5H]I . we immediately get 
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Corollary 5.2 (Quantization of total Gaussian curvature). Under the same as- 
sumptions of the theorem above, when <f>, ip are not constants ( equivalently, when x 
is not a flat surface in M.q), there is always 



[ KdM = -4irk 



< -4vr 



Jm 



where k > 1 is a positive integer. 

Remark 5.3. When there are no singular ends or branch points, all indices vanish 
and we obtain a simplified version of these formulas: 



The reason for deg cj) = deg tp has been explained in the comments following Corol- 
lary U7TTJ In particular, for M — > M 3 , (f> = —1/ip, which is never equal to jp. Hence 
we get the classical result. 

Remark 5.4. On the other hand, even in the codimension-2 case, under our hypoth- 
esis there is still 



This looks peculiar, since one expected to see some non-trivial items corresponding 
to the degree of the normal bundle. A natural explanation is as below. 

First observe that we may add the light cone at infinity to the ambient space 
and get a conformal compact Lorentz manifold Qf [23]. This is the same as we 
did in Mdbius geometry where the compactification R n U {oo} = S n is obtained 
via an inversion or the stereographic projection. Put it rigorously, we may use the 
classical construction of light cone model. See [23] for details of Lorentzian conformal 
geometry, where Qf is identified with the set of null lines in Rrj, which is topologically 
S 3 x S' 1 /{±1} endowed with the Lorentz metric g S 3 ® (—g s i). 

Next, a stationary surface satisfying the assumption of Theorem 15.11 indeed could 
be compactified in Qf. This gives a natural realization and visualization of Huber's 
compactification M = M\{p\ • • • ,p r }. The extended map 



is generally not C°°, but C ' a p2] (possibly branched at those pj located on the 
light cone at infinity). The non-existence of bad singular ends should guarantee that 
the normal bundle has a nice extension. 

Finally, Qf = x S^/jil} has a globally defined time-like vector field. Re- 
stricted to any spacelike surface M — )• Qf and consider the projection of this vector 
field to its normal plane at each point. We get a time-like (non-zero) global section 
of the 2-dimensional normal bundle, which shows that the normal bundle is trivial. 

Definition 5.5. The multiplicity of a regular or singular end pj for a stationary 
surface in M.f is defined to be 

dj = dj — indp. , 

where dj + 1 is equal to the order of the pole of the vector-valued meromorphic 1-form 
x z dz at pj. 

At a regular end pj, md + (j)j) = 0. So our definition of the multiplicity of an end 
coincides with the old one for minimal M 2 — > M 3 . As a corollary of Theorem 15.11 
and Definition 15.51 we obtain the following Gauss-Bonnet type theorem. 




47r degip. 




M^Qf 
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Theorem 5.6 (Generalized Jorge- Meeks formula). Given an algebraic stationary 
surface x : M — >• Kf with only regular or good singular ends {pi, ■ ■ ■ ,p r } = M — M. 
Let g be the genus of compact Riemann surface M , r the number of ends, and dj 
the multiplicity of pj. We have 

[ KdM = 2tt ( 2-2g-r-J2dj) , [ K x dM = . (41) 
hi \ j=i ) ^ M 

Proof. Up to a Lorentz rotation (|19p we may assume that <p>, ip do not have poles at 
ends {pi, ■ ■ ■ ,p r }- Thus these ends are exactly the poles of dh. So 

r r r 

^2 pole(d/i) = ^2(dj + 1) = ^ dj + ^ ind+ + r - 

j=l j=i j=i 

On the other hand, zeros of dh should be regular points of x : M — > M.f, hence 
corresponds precisely to poles of (p or tp with the same order. Taking sum we get 

zero(dfa) = deg <p + deg tp- 

By the well-known formula for the meromorphic 1-form dh counting its zeros and 
poles over a compact Riemann surface M: 

^zero(d/i) - ^pole(d/i) = ~x(M) = 2g - 2. 

Together with f M KdM = -2vr (deg^ + degip - Ei ind+ ) (W in Theorem [5JJJ , 
the first formula is proved. The second one is just (|36p in Theorem 15. ip . □ 



Remark 5.7. It is interesting to compare with Kusner's version of Gauss-Bonnet 
formula involving total branching order (Lemma 1.2. in [17]). Suppose M — > M 3 is 
a branched immersion with a C 1,a compactification M — > S 3 , then Kusner says 

f KdM = 2ir{x{M) — rj(M) + f3(M)). 

In our terms, x{M) = 2 — 2g — r is the Euler number of M, r](M) = ^j=i dj is 
the sum of multiplicities of the ends, and /3(M) the total branching order. To relate 
with our result, for a good singular end p, without loss of generality we may write 
a local Weierstrass representation over a punctuated neighborhood of z = 0: 

(f> = z k (f> Q , V = z k+l ij , dh = z- n dz, (42) 

where n,k,l are integers (I > 0), <po,ipo are non-zero holomorphic functions around 
z = 0. 

If k = 0, n > 0, we have a regular end where x z dz has a n-th order pole, hence 
the multiplicity at this end is n — 1. 

If k > 0, n = 0, we have a good branch point with branching order k which 
equals |ind(</> - = ind + (</> - rp). Note that ds = \<j> — i>\\dh\ = (\z\ k + o(|z| fc ))|d2| 
in this case, which fails to hold for a singular point/end (1 = 0). 

When n, k, I are all positive, it is natural to count both contribution coming 
from the poles of dh and from the zeros (branching orders) of <p — tp. This justifies 
Definition 15.51 and Theorem 15.61 (For more on Gauss-Bonnet theorem involving 
branch points, see [8] and references therein.) 
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Proposition 5.8. Let x : D 2 — {0} — > M.f be a regular or a good singular end which 
is further assumed to be complete at z = 0. Then its multiplicity satisfies d > 1. 

Proof. We need only to consider a good singular end with a local Weierstrass rep- 
resentation (|42p and positive n, k, I as above. By definition, the multiplicity of 
this end is d = n — 1, and the index of singular end is ind + = k. The metric 
ds = |0 — ^||d/t| = (|z| fc ~™ + o(|2:| fc_n ))|dz| is complete around z = 0. This implies 
n — k > 1. The period condition (120p excludes the possibility of n — k = 1. Hence 
n — k > 2 and we have d = d — k = n — 1 — k > 1. □ 

As a direct consequence of this proposition and Theorem 15.61 we obtain 

Corollary 5.9 (The Chern-Osserman type inequality). Let x : M — >■ M.f be an 

algebraic stationary surface without bad singular ends, M = MU {gi, • • • , q r }, then 

J KdM < 2vr(x(M) - r) = 4vr(l -g-r). (43) 

6 Typical methods to construct new examples 

In this section and below we will construct many new complete algebraic stationary 
surfaces x : M — > M.f which are topologically punctuated 2-spheres (genus zero) with 
finite total curvature. To find a specific surface x : M — > M.f with desired properties 
we use three different but related methods: 

(1) Write out the vector-valued differential x z dz directly with prescribed poles 
or Laurent expansions so that it has a desired behavior locally (around an end) or 
globally (like being a graph over a plane). 

(2) Deform the expression of x z dz or the Weierstrass data of a known minimal 
surface in R 3 in a controlled way to get new examples. 

(3) Using geometric conditions to determine the distribution of zeros and poles 
of the Gauss maps (ft, t/j and height differential d/i, and determine the parameters 
involved by solving the regularity condition and the period condition. 

These methods could be combined, or used separately, like in our exploration of 
the generalized catenoid (see Example IT. ip . 

Remark 6.1. We would like to emphasize that to construct a regular complete sta- 
tionary surface, one usually has to find a pair of meromorphic functions 0, V' on a 
Riemann surface M such that 

4>(z) = ^(z) 

has no solutions. This type of equation is quite unusual to the knowledge of the 
authors. Most of the time we have to deal with this problem by handwork combined 
with experience. (See discussions in the proof to Theorem 17.21 and Theorem 18.21 for 
example.) Note that M — > M 3 is a rare case where we overcome this difficulty easily 
since <j) = — 1/ip will never equal to if:. 

An other difference with the classical case is about the embedding property. In 
M 3 this put strong restriction on a minimal surface. Hereafter we will show that in 
1R| embedded complete examples are abundant. 

6.1 Method 1: Prescribing x z dz with (x z ,x z ) = 

Here we demonstrate this method by constructing a stationary graphs over a 2- 
dimensional plane in R|. 
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Example 6.2 (A complete graph over R 2 ). Write 



dz = (l,V2i,cosh(z),smh.(z))dz 



(44) 



which satisfies 



(x z ,x z ) = 0, \x z \ 2 = 3 + |cosh 2 (z)| - |sinh 2 (z)| e [2,4] C M. 



Thus it defines a completely embedded stationary graph x : C — > M.J: 
x(u, v) = 2(u, —V2v, sinh(it) cos (v), cosh (u) cos(v) ) . (z = u + i 



w, u, v 6 



R) 



is singly periodical ( with respect to v) and not flat. So the total curvature does not 
converge absolutely. Related with this fact, we point out that its Weierstrass data 
are 



each of them has an essential singularity at the end z = oo. Also note that e z ^ 
and <f> ^ ip always holds. 

Remark 6.3. In contrast to Meeks-Rosenberg's result about the uniqueness of heli- 
coid in M 3 [25], this is the first new example in R| which is also non-flat, complete, 
simply connected, and properly embedded. In Proposition 18.31 we will see that the 
Enneper surface could be deformed to avoid self-intersection in M.f. Based on these 
examples, it seems hopeless to establish a similar uniqueness theorem in M.f. 

To find embedded minimal surfaces in M 3 , a basic result says that any embedded 
minimal end must be either a catenoid end (asymptotic to a half-catenoid) or a 
planar end (asymptotic to a plane); one annular end with finite total curvature is 
embedded if and only if the multiplicity is 1. 

In K| there is much more freedom to construct embedded ends. The example 
below shows that the multiplicity could be arbitrary. 

Example 6.4 (A complete graph over a punctured timelike plane). Write 



As the previous example, this is embedded as a graph over the (x3,xa) plane (yet 
punctuated at (0,0)) with two ends z = 0,oo. The metric is 



So this surface is complete and regular. When z — > 0, (xi,x 2 ) - ► 005(^37^4) - > 
(0,0), so z = is a planar end with an asymptotic plane. x z dz has a pole of order 
n at z = 0, so the multiplicity of this embedded planar end is do = n — 1. Similarly 
the end z = 00 is embedded with multiplicity = n+ 1. These information verify 
the J org e-Meeks formula (|4ip . For the reader's convenience we give 





(z n - — ),v / 3i, 1 J dz. neZ,n>2. (45) 



ds 2 = |d n + -L + 1 > 3. 



\z\ 



4> = A • z n , ip = A • — , dh = Adz, A 



i + Vjjj 

2 
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6.2 Method 2: Deforming known examples 

Example 6.5 (Alias-Palmer deformation). Given a minimal surface x in M 3 with 
x z dz = (l — g 2 ,i(l + g 2 ),2g,0)uj, Alias and Palmer JBjj introduced a deformation with 
complex parameter a: 

x z dz = (l - ag 2 , i(l + ag 2 ), (1 + a)g, (1 - a)g^u. 

In terms of our Weierstrass data, 

(ft = -, ip = —ag = a ■ — — , dh = guj. (46) 
9 <P 

It is easy to show JE/ that when the original surface in IR 3 is completely immersed 
without real or imaginary period along any closed path, the same is true for the 
deformation when a is not a negative real number. Note that <f> ^ ip in this case. 

Alias and Palmer produced a generalization of the Enneper surface [2] using (|46p . 
Yet this result has several drawbacks compared with our work. 

First, they did not find more general deformations producing similar Enneper- 
type surfaces, which we accomplish in Section 8. 

Second, they did not discuss the embedding problem. We show not only that 
the Alias-Palmer deformation of the Enneper surface produces a surface with two 
self- intersection points and an embedded end (Proposition [53]) , but also find other 
deformations which are globally embedded in M.f. 

Finally, this method does not apply to catenoid. So we need to find other 
methods to construct generalized catenoid in M.f (Example 17. lh . 

We point out that generally there are many ways to deform a known example. 
(The generalized catenoids and Enneper surfaces given in the next two sections could 
also be viewed as deformations. And they could be deformed as in Example 13.41 
and 13.51 ) Below is another typical way of deformation which yields interesting 
generalization of the catenoid and the fc-noids. 

Example 6.6 (The generalized Jorge- Meeks /c-noid). Recall that the classical Jorge- 
Meeks k-noid x = (xi, x%, x 3 , 0) : M — > M 3 with k £ Z + has genus zero and k 
catenoid ends. It is not embedded when k > 3 since those catenoid ends will intersect 
with each other when they are extended sufficient far away. It is defined on M = 
CP 1 \{\i\\ = e™,j = 1,--- ,k} with 

k— 1 

M = CP 1 \{io j \uj k = 1}, (/) = -1/ip = z k ~\ dh = -4 ^dz . (47) 

(z K — \y 

Observe that it has a k-fold rotational symmetry, whose action on M is z —> z ■ A J 
with A = e * , j = 1, • • • , k. 

Given two constants a, b G C such that a 2 — b 2 = 1, \a\ 2 — \b\ 2 > 0, and a, b are 
linearly independent over R (for example we may take a = ^,b = ^). Deform the 
corresponding x z = (v± ,V2,vs,0) to 

(x a ,b)z = (vi,v 2 ,av 3 ,bv 3 ) . (48) 

Then integration via ()18p yields the generalized k-noid x a ^ : M — > M.f. 



19 



The generalized fc-noids x a ^ is still conformal, yet not isometric, to the original 
x : M — > M 3 . But it is still regular and complete. The total curvature is the same 
and finite. Because the first two components of x z are preserved, and the original 
dh is an exact differential, both the horizontal and vertical period conditions are 
also satisfied. The difference is that our deformation avoid self-intersection. 

Proposition 6.7. The generalized k-noid x a ^ is embedded in M.f. 

Proof. Suppose there is x a ^(z) = x a ^(w). Since v^dz = dh = d-g^—^ and a, b 
are linearly independent over M, by comparing the third and fourth components we 
deduce z k = w k , so w = z ■ X 3 with A = e~. 

Now we need only to consider the first two components of x a ,b(z) and x a ^{z -X 3 ), 
which are the same as the first two components of x(z),x(z ■ X 3 ). Since x has a 
fc-fold rotational symmetry on the (xi,X2) plane. Thus x a ,b{ z ) = %a,b(z • X 3 ) if, and 
only if, their first two components correspond to a fixed point under this rotation. 
According to the description of the fc-noid, this corresponds to the fixed point of 
z — > z • X 3 , i.e. z = or z = oo. But in either case we have w = z • X 3 = z. This 
confirms the embedding property. □ 

This example (as well as the generalized Enneper surface discussed in Proposi- 
tion [83]) shows that the Lopez- Ros theorem [21j no longer holds true in R|. 

6.3 Method 3: Determine Weierstrass data with given zeros/poles 

This is the most widely used method in constructing examples, describing the related 
module space or showing non-existence result under given geometric and topological 
conditions. 

Using this methodology we construct algebraic stationary surfaces with good 
singular ends and simple topological type, which has — J M KdM as small as possible. 
The discussion of how to derive these examples is somewhat tedious, and irrelevant 
to other parts of this paper; so we leave these details to another paper [TO] on the 
classification of complete stationary surfaces with J M KdM = —4ir. 

Example 6.8 (Genus zero, two good singular ends and J M KdM = —8tt). 

M = C\{0}, (j) = z 2 (z 2 +a), ij;= dh = ^—^dz. {a £ C\{0}) 

z + a 

We observe that 

• Its genus g = 0; the number of ends r = 2; and deg(^) = deg(^) = 4. 

• At the two ends z = 0, oo, indo = 2, do = 1; indoo = —2, d^ = 3. 

• Using either of (|57]> . ([5g]> or (|3IJl we get j M KdM = -8vr. 

The regularity, completeness and period conditions are easy to verify, except that 
we need to find suitable parameter a such that (p ^ i/i on M = C\{0}. Denote 
w = z 2 . Then 4>{w) = w(w + a),tp = ^p^- When w ^ we have 

(f>(w) = ip(w) 44> \w + a\ 2 = w 3 /\w\ 2 . 

So w = rui 3 for some j G {0,1,2} and r 6 M\{0},u; = e 27rl//3 . Insert this back into 
the equality above we get 

<f>(w) = 4i(w) «4> 3 j G {0, 1, 2}, s.t. \ruo 3 + a\ 2 = r. 
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It is not difficult to see that when a is a sufficiently large positive real number (e.g. 
a > 1) there is no (positive) real solution r, hence (ft ^ tft always holds true. 

(A standard proof is reducing \ruji + a\ 2 = r to r 2 — (a + l)r + a 2 = when 
j = 1,2, and to r 2 + (2a — l)r + a 2 = when j = 0. Then both discriminants of 
these two quadratic equations are negative when a > 1. But a geometric explanation 
and a comparison of the orders of magnitudes also suffices.) 

Such an explicit example is a helpful supplement to the discussion of good sin- 
gular ends in Section 4, and to the Gauss-Bonnet type formulas in Section 5. Below 
we provide a somewhat different example. 

Example 6.9 (Genus zero, one good singular ends and J M KdM = —8ir). 

z 2 z 2 ~\- az -\- b 

M = (C\{0}) U {oo}, (ft = z(z 2 + az + b), V = r, dfc = = . 

z z + az + b z< 

The good singular end z = has ind = 1 and d = 5. We leave it to the interested 
reader to verify that it is regular, complete, without real period; in particular, the 
parameters a,b G C could be chosen suitably so that (ft ^ ip on C\{0}. 



7 The generalized catenoid 

To find a suitable generalization of the catenoid in M.f, at the beginning we tried to 
find an annulus with two catenoid-type ends (using Method 1 above with Laurent 
series like (jSTj) (|52j) below), and obtained 

Example 7.1 (The generalized catenoid). This is defined over M = C\{0} with 

— 1 z — t 

(ft = z + t, ip= - — -, dh = s—^-dz. (-K t < 1, s € K\{0}) (49) 

When t = 0, it is the classical catenoid in IR 3 . Conversely, our construction could 
be viewed as the most natural deformation of catenoid with real parameter t, which 
preserves regularity, completeness, and period condition. 

In contrast, the catenoid in IR 3 given by (|22p has singularities; and the defor- 
mation used in [2] fails to give a suitable generalization since the period condition 
could not be satisfied. 

In view of these facts, the uniqueness theorem below is a nice characterization 
of the generalized catenoid. 

Theorem 7.2. A completely immersed algebraic stationary surface in with total 
curvature j K = —4ir and two regular ends is a generalized catenoid given above. 

Proof. For a complete and immersed algebraic stationary surface M — > with 
J K = —4ir and two regular ends, by Corollary (|5.9j) it has genus g = 0. By Huber's 
theorem M is homeomorphic to C\{0} with two ends at z = 0,oo. 

Next, by ([37]) and (j38|) . J K = —Att implies that the Gauss maps (ft, ift have degree 
1, hence they are fractional linear functions on C. 

At first sight, (ft, tft have six coefficients to choose arbitrarily. But we can apply a 
Lorentz transformation in the ambient M.f (whose action on (ft, {ft are linear fractional 
transformations according to (|19h in Remark 12 .3p . or a change of complex coordinate 
z — > (az+ (3) j '(jz + 5), to simplify the expressions of (ft, ip, which will give a congruent 
surface. This is what we want to do below. 
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Without loss of generality, we suppose </>(oo) = oo, ip(oo) = 0. Otherwise, if 
4>(oo) = — d/c, ip(oo) = —b/a, we may use linear fractional transformation <p — > 
(acj) + b)/ (ccj) + d), tp — > (aip + b)/ (ctp + d) (which is non-degenerate since <f> ^ tp) and 
the effect is as desired. 

Next, up to a change of the complex coordinate z — > pe l9 z, we may normalize 

<p = z + t 

(with parameter t£R); meanwhile, ip = with parameters c, r G C. 

Once 4>, ip are given as above with r ^0, the height differential dh must have a 
unique simple zero at z = —r and no poles on C\{0} due to the regularity condition 
(Theorem Thus 

dh = s — ~~r dz 

z k 

with parameters s£C,fc£Z. Completeness implies 1 < k < 3. By Proposition 15.81 
each end has multiplicity at least 2, hence k = 2. When r = this expression for 
dh is still valid. So we have 

C Z ~\~ T 

4> = z + t, ip = , dh = s — 75— dz, tGf, c, r, sGC 

z + r z z 

To decide the possible values of the parameters, invoking the period condition (|20l) 
(which has been used to derive Proposition 15.81 and k = 2), we deduce 

s,cEl\{0}, r = -t€R. 

Now that 4> = z + t, if) = by the regularity condition <p 7^ V'j the parameters 
c,tet must be chosen so that the equation 

zz + t(z - z) - c - t 2 = 

has no solution z. If there is some z,c, t satisfying this equation, comparing the 
imaginary and real parts separately shows that either i = 0,c>0, orz£l,c+t 2 > 
0. Thus <p 7^ ip always holds true if, and only if, the real parameters c, t satisfy 

c < -t 2 . 



After the following change of complex coordinate z, together with a change of frames 
in ambient space (see Remark 12. 3P : 

z = — z, 4> = — (f), ip = — ip, dh = \/— cdh 
-c V— c 



we get the desired Weierstrass data 

~~ — 1 — z — I 

4> = z + t, tp = », dh = s — K—dz, 

z — t z l 

with parameters c = —1, s = y/^cs £ K\{0} and 

t=-j= £ (-1,1) C M. 

This finishes the proof. In particular, the discussion above has shown that Exam- 
ple Ell is completely immersed without singular ends. □ 
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It is interesting to examine the properties of the generalized catenoid and com- 
pare it with the catenoid in M 3 . 



Proposition 7.3. The generalized catenoid has the following properties: 

(1) It is embedded in R| . 

(2) There is a symmetry between its two ends. In other words, there is an 
isometry of R| which interchanges these two ends and preserves the whole surface 
invariant. 

(3) Unlike the catenoid in M 3 or M 3 , the generalized catenoid has no rotational 
symmetry when t ^ 0. 

(4) Two generalized catenoids are congruent to each other (up to a dilation and 
a Lorentz isometry) if and only if their parameters t share the same value of \t\. 

(5) It is not contained in any 3-dimensional subspace when t ^ 0. Each end is 
embedded and asymptotic to a half catenoid in a 3-dimensional Euclidean subspace. 



Proof. Up to a dilation and a translation we may take s = 1 and write 



x = 2 Re 



\( t 2 + l ./ 
[ Z + —-\ Z + 



1\ , 2t 
- ),21nz,- 

/ z 



(50) 



To show embeddedness, it suffices to show that the four components of x determine 
a unique z on C\{0}. The third component gives the module \z\. Combined with 
this information, using the fourth and the second component of x we can derive the 
real and imaginary part of z, separately. Thus there is a unique z corresponding to 
a given x(z). So the generalized catenoid is embedded. 

The end behavior is determined by the Laurent expansion 



1 1 „ 

X z = ~t;W-2 + -W-i + Wo, 

z z z 

where the coefficient vectors (written as column vectors) are 

/"(l + * 2 )\ 
-i(l-i 2 



-24 



(51) 



W-2 









(1\ 









— i 


W-l = 


2 













W 



(52) 



One may verify directly that the Lorentz transformation x — > Aqx with 



f-i-e 



An 



1-t 2 



\ 






-2t 




1 





2t \ 



1 
1 + i A J 



will preserve the vector-valued 1-form x z dz but interchange its two poles. This 
proves conclusion (2). 

On the other hand, if there is a 1-parameter Lorentz transformations preserving 
x z dz as given above, any A in this family must have invariant subspaces 



y_ 2 = Span{Re(^_ 2 ),Im(uL 2 )} = Span{(i+^, 0,0, j^), (0,1,0,0)}, 
VLi = Span{w_i} = Span{(0,0,l,0)}, 

Vo = Span{Re(tZJ ),Im(tZ;o)} = Span{(l, 0,0,0), (0,1,0,0)}. 
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When t ^ 0, K-2 5 Vq are distinct, and they together span a Lorentz 3-space in M.f 
which is orthogonal to From these information it is easy to see that the Lorentz 
transformation A must be identity. This proves (3). 

We observe that for any spacelike 3-space V in R|, there is a unique timelike 
vector v which is future-oriented (i.e. the fourth component is positive) and (v, v) = 
-l,(v,V) = 0. 

For V = V-2 we have if = (^, 0, 0, ±±g). 

For V" = V e V-i, we have if' = (0, 0, 0, 1). 

An algebraic invariant associated with the pair {V , V"} is 



{v ,v 



, 1 + t 2 



1-t 2 ' 



which corresponds to the hyperbolic angle between the two ends, or between the 
spacelike 3-spaces V',V" containing the asymptotic half catenoids (see next para- 
graph). Thus when the values of \t\ are different, the corresponding generalized 
catenoids are not equivalent. On the other hand, if we reverse the sign of t, the 
mapping x will differ by a reflection according to (f50|) . This establishes (4). 
By (ISTil) it is easy to see that x(z) is asymptotic to the catenoid 

x = 2 Re (^z + -, -i(z - ~),21n.z,0 

in V" when z — > oo, Re(i) -)■ 0. At the end z = one can verify in a similar 
way that x is asymptotic to a half catenoid in V (or by the symmetry between the 
two ends). Also note that V' , V" span the full M.J when t ^ 0. So the generalized 
catenoid is not contained in any 3-dimensional subspace. This finishes the proof to 
the final conclusion (5). □ 

Remark 7.4. By the same argument in proving conclusion (3), we see that Aq given 
above is the only non-trivial symmetry of the generalized catenoid. 

Remark 7.5. Concerning the conclusion (4), we can show that any stationary sur- 
face of revolution (i.e. it has a continuous 1-parameter symmetry group) must be 
contained in a 3-dimensional subspace of Rf . Here the proof to this elementary fact 
is omited. Regretfully we could not find this result in the literature. 

As in M 3 , for a stationary surface x : M — > M.f there is an associated family of 
stationary surfaces xg : M — > M.f with (xe) z dz = e x z dz. They are locally isometric 
to each other, yet the period condition might be violated and the topological type 
might be different. A typical example is as below. 

Example 7.6 (The associated family of the generalized catenoid). This is repre- 
sented on C\{0} using (|18p with 



— 1 z — t 

z + t, ib = , dh = A — 7^—dz, (53) 

t z l 



where the parameter A is complex and t £ (—1, 1) is real as in Example \ 7.1\ When 
A is not a real number, the period condition is not satisfied, and the corresponding 
stationary surface in K| is homeomorphic to the coving space C. 

Example 7.7 (The generalized helicoid). When A is purely imaginary in (|53p . we 
get the generalized helicoid in Rf . 
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It is well-known that the classical catenoid and helicoid in R 3 are embedded, but 
any other surface in their associated family is not. The same is true in R*. 

Proposition 7.8. Generalized catenoid and helicoid are embedded. Any other sta- 
tionary surface in the associated family (f53|) has self-intersection points. (Indeed, on 
the universal covering we have a simply- connected stationary surface whose unique 
end is not an embedded end.) 

Proof. Given (f>,ip,dh as in (153p . we write out the immersion explicitly: 



2 Re 



t 2 + 1 / t 2 - 1 \ , 2t 
A | z + ,-iUH ,2 In*, — 

z V z / z 



(54) 



Note that In z is a multi-valued function on C\{0} whose imaginary part is given by 
the argument of z. There are three cases to consider: 

Case 1: A = a G R is real and non-zero. This time we get the generalized 
catenoid which is shown to be embedded in Proposition 17.31 

Case 2: A = ib is purely imaginary with b G R. 

Notice that Re(i&ln,z) (the third component) determines the argument of z. In 
other words, if x(z) and x(z') share the same third component z, z' G C\{0} must 
be located in the same ray emanating from z = 0. The fourth component of x 
is Re(ibt/z), from which we can fix the module \z\ when z is not real. Thus the 
imaginary and the real part of the corresponding w = Inz G C on the universal 
covering are both determined uniquely. 

In the exceptional case when z is on the real axis, since the second component 
of x(z) is essentially z — ■ J= ^-, a function monotonic in the real variable z when the 
parameter t G (— 1, 1), we still conclude that z — > x{z) G Rf is injective. This shows 
that a generalized helicoid is embedded. 

Case 3: A = a + ib and a, b G R are both non-zero. 

Denote z = p(cos9 + isin#) G C\{0}, and w = In z = In p + \9 G C is a lift to 
C, the universal covering space on which the mapping x is single- valued. We are 
looking for self-intersection points, i.e. pairs of lnz ^ lnz' with x{z) = x(z'). 

Given the expression ([50|h we may obtain the values of Re(Az), Re(^) from the 

first and the fourth components of x(z), and the value of Im(Xz + A ^ 2 ~ 1 ^ ) from the 
second component. Combing these information together, we can derive the value of 
z + from x(z). Thus x(z) = x(z') implies z' = z or z' = ^-j—- The case z' = z 
whose lifts differ by w' — w = 2mr will not give self-intersection points (by comparing 
the values of the third component of x(z)). Thus self-intersection happens if, and 
only if, the following equations are satisfied simultaneously: 

t 2 - 1 

z' = (55) 

z 

Re(Az) = Re(Az'), (56) 
Re(Alnz) = Re(Alnz')- (57) 

Substitute A = a+ibAnz = Inp+idAnz' = ln(^-^±) = ln(±=^-)+i(2n+l)7r-i0) into 
(|57p where n G Z is an arbitrary integer. We recognize that the solutions z = pe l9 
are located on a family of logarithmic spirals 

L n : 2a In/) - 26(9 = c n (58) 

where c n = aln(l — t 2 ) — b(2n + 1)tt is a constant depending only on the values of 
the parameter a, b, t, n. 



25 



On the other hand, ([55]) and ([56]) imply 



a cos 9 _ p 2 + t 2 - 1 

&ih7# ~ - t 2 + 1 ' (59) 

When z on the logarithmic spiral L n tends to infinity, p — > +oo, and the right hand 
side of (|59p tends to 1. In this limit process 9 £ (— oo,+oo) increase monotonically 
and cot 9 oscillates between (— oo, +oo) periodically. Thus there are infinitely many 
(p, 9) satisfying ([58]) and ([59]) simultaneously, which finishes our proof. □ 



8 Generalized Enneper surfaces 

Example 8.1 (The generalized Enneper surface). This is given by 

c 

(ft = z, ip = - , dh = s ■ zdz, (60) 

z 

or 

c 

4> = z + 1, ij) = - , dh = s ■ zdz, (61) 

with complex parameters c,s£ C\{0}. The completeness and period conditions are 
apparently satisfied, x has no singular points if and only if the parameter c = c\ + \C2 
is not zero or positive real numbers in the first case (|60|) . and 

ci - c\ + - < (62) 

in the second case (|6T]) . 

In (|60p . when c is a negative real number we obtain the classical Enneper surface 
in M 3 ; when c is not a real number we obtain the deformation appearing in fBi- 

Theorem 8.2. A completely immersed algebraic stationary surface in~R.f with J K = 
— 4-7T and one regular end is a generalized Enneper surface given above. 

Proof. By (I37p(]38p and the assumption J K = —4ir, <ft,vp must be meromorphic 
functions with degree 1. Since on tori and higher genus compact Riemann surfaces 
there are no such meromorphic functions with degree 1, we know the genus must be 
and are linear fractional functions. Suppose M = C with an end at z = oo. 
Then Theorem 15.61 implies that the end has multiplicity 3. 

As in the proof to Theorem \7.2\ without loss of generality we may suppose 
0(oo) = oo, ip(oo) = (up to a Lorentz rotation in M|). 

To further simplify the expressions of linear fractional functions <j), vp, let us 
consider the pole of tp and the zero of (p. If these two points coincide, we may 
suppose this is the point z = (up to a linear fractional transformation of the 
coordinate z). Then it is easy to see that we can simplify to get ([60]) . 

Otherwise, suppose the pole of ip is z = and the zero of <f> is z = — 1. (Using 
linear fractional transform to change the complex coordinate z, we may map three 
given points to oo,0, —1 on the Riemann sphere.) Then we have 

<p = a(z + 1), ip = -, dh = s ■ zdz, a,c,s G C\{0}. 

The height differential dh must have this form due to the regularity condition (The- 
orem [23]). Then using (]19p 

(p — > (p/a, ip — > ip/a, dh — > \a\ ■ dh, 



26 



we get the desired Weierstrass data in ([6T]) . 

The period condition (|20p is obviously satisfied. By the regularity condition 
4> ^ the parameters c = c\ + ic2 must be chosen so that the equation 

9 9 

= zz + z — c = n + u + u — fu — ci + ic2 

about z = ti + iv has no solution. If there are some z, c satisfying this equation, 
comparing the imaginary and real parts separately shows that 

V = C2, u 2 + u + c\ — C\ = 0. 

Thus (f) ^ ip for any bjGCU ifj and only if, the discriminant of the quadratic 
equation above (about u) is negative, i.e. c\ — c\ + \ < 0. This is exactly ([62]) . □ 

It is well-known that for minimal surfaces in M 3 we have a similar characterization 
of the Enneper surface. It always intersect with itself along a curve, hence the 
Enneper end is not embedded. In contrast, our deformation in Rf in general has an 
embedded end (as demonstrated in Proposition [83]) , or could be embedded globally 
in the following situation. 



Proposition 8.3. The generalized Enneper surface in (I6ip is embedded when the 
parameter c < — I is real and s £ R. 



Proof. Using (|6ip . we write out a generalized Enneper surface explicitly: 
x = Re 



Z 3 Z 2 J Z 3 Z 2 \ 1 — C 9 1 + c 



si 1 h cz, — il 1 cz ) , z 2 — cz, z 2 + cz 

l 3 2 'V3 2 /' 2 2 

If there is an intersection with x{z\) = x{z2) for some z\ ^ Z2, by the expression 
above, any of the following three functions must take the same value at z\ and Z2: 

Ke(sz j, Ke(cs-^ — cszj, — — I — - — h scz. 

When c S M\{0}, from the first two functions above we deduce that Re(sz) also 
takes the same value at z\ and z-i- 

Without loss of generality, suppose s = e 10 . By assumption sin 6 / 0. Denote 

w = sz = u + iv, u,uel, 

any of the following three functions of w must take the same value at w\ = u\ + iv\ 
and W2 = U2 + iv2 : 

(s~ 2 vj 3 svj 2 \ 
— ^— + — + cwj- (63) 

By the first one, u% = ui- Combined with the second one, we obtain a quadratic 
function of v 

cos 9 ■ v 2 — sin 6 ■ 2uiv 

which takes the same value for v = V\,V2- Since w\ 7^ W2, we know v\ 7^ V2, so 
cos 9^0. Vieta's formula implies 

vi + v 2 = 2uitan6>. (64) 
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Similarly, by the third function in (|63p above and U\ = U2, we know the quadratic 
function of v 

, cos 8. 2 . . nn . „. 

—(ui-\ — )v + (csmZV — u\ smvjv 

takes the same value at v = v\, v%. The coefficient u\ + is non-zero. (Otherwise, 
if m + = = csin2# - uisinfl, we deduce c = ^; if u x + 2§* / = 
csin2# — uisin#, there must be v\ = V2- In both cases we find contradiction.) 
Again by Vieta's formula, 

c sin 28 — u\ sm.9 

Vl + V2 = " I cose • ( 65 ) 

1 2 

Combining (|64|) with (|65|) . we find that m € M satisfies 

til + cos ® u i ~ ccos 2 8 = 0. 

Thus the determinant of this quadratic function of U\ is non-negative, which con- 
tradicts c < ^-,cos# / 0. This finishes our proof. □ 

Remark 8.4. In general, embeddedness and transversal self-intersection are both 
open properties with respect to the parameter s. Thus it is interesting to know what 
will happen when s tends to a real number for the generalized Enneper surfaces as 
in Proposition 18.31 One can verify that x intersect itself along a curve when s is a 
non-zero real number, which is consistent with the open property just mentioned, 
because such an intersection pattern is not transversal. 

For (|6ip with other values of parameter c, s, in general it is hard to determine 
whether the corresponding Enneper surfaces are embedded or not. But in the special 
case of (I60p . we have a clear conclusion. We may state this result for a class of similar 
examples as below: 

Proposition 8.5. The simply connected Enneper-type surface x : C — >• R| with 

(j) = z k , $ = 4 , dh = s ■ z k dz, k G Z+, c,s G C\{0} (66) 

is regular with two self-intersection points when c ^ R. Thus outside a compact 
subset it has an embedded end (of multiplicity d = 2k + 1). 

Proof. The regularity and completeness is easy to show. In particular, we know 
4> 7^ V> for z G C (otherwise from eft = z k , tp = c/z k we deduce c G M., a contradiction), 
and the end at z = 00 is not a singular end. 
By (f66j) we obtain 

/ z 2k+1 ./ z 2k+l \ 1 - c k+1 1 + c fc+1 



x = Re 



We compare the third and the fourth components of x, which are both linear com- 
bination of the real and imaginary parts of z k+l . Since c ^ R, these two combina- 
tions are linearly independent over R. Thus when there is a self-intersection with 
x(z) = x(w),z / w, we conclude 



z k+1 = w k+1 , w = z- e fc2 +i . 
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The first and second components of x(z),x(w) are equal, hence f(z) = f(w) where 

So f(z) = f(w) = f(ze^) = e^f(z), and 

f(z) = 0, i.e. -^—z 2 ^ 1 = -scz. 
JK 1 ' 2k + 1 



There are 2fe+2 solutions to this equation, which have the same module (2k + l)|c| 
(a fixed constant), and differ with each other by a factor A J (0 < j < 2k + 1) 

with A = e fe +i . Given one solution zo, then {zo, zo^ 2 > • • • i z o^ 2k } are mapped 
by x to the same point in M.f, which is a self-intersection of multiplicity k + 1. 
For {zoA, zoA 3 , • • • , zoA 2fc+1 } we get the other self-intersection. This finishes our 
proof. □ 

Remark 8.6. The example (|66p can be viewed as a generalization of both the example 
(|60j) and the Enneper surfaces in M 3 with higher dihedral symmetry. (But itself does 
not have the dihedral symmetry unless c £ R.) 



9 Open problems 

The previous results on finite total Gaussian curvature and on embedded examples 
encourage us to consider some deeper and harder problems. 

Problem 1. Introduce suitable index for a stationary end x : D\{0} — > M.f whose 
Gauss map (ft or ip has an essential singularity at z = and the integral of Gaussian 
curvature converges absolutely around this end. (Then we shall establish a Gauss- 
Bonnet type theorem for complete stationary surfaces which must involve such in- 
dices and the total Gaussian curvature.) 

We have constructed examples like (|3.2[) with finite total Gaussian curvature 
and essential singularities for the Gauss maps (ft, ip. It is surprising that the total 
Gaussian curvature J* KdM (as well as f K dM) are still quantized. 

Indeed, according to [11], under the assumption of finite total curvature, the area 
of geodesic balls of radius r at any fixed point must grow at most quadratically in 
r. Moreover, 

/ KdM+ lim —p- = 2tt X (M). (67) 

This formula unifies Jorge-Meeks formula (j26j) (see also Theorem I5.6P and other 
Gauss-Bonnet type formulas. 

In our opinion, it looks plausible to introduce some topological index for a wide 
class of essential singularities, which we desire to be simple to compute and coincide 
with the area growth rate above when the end has finite total curvature. Once this 
is done we obtain Gauss-Bonnet type theorem by (|67|) . Regretfully it is unclear 
whether finite total curvature can determine the types of essential singularities of 
the Gauss maps (ft, ip at one end in a satisfying way. 

Problem 2. Can we extend Collin's theorem to M.f ? In other words, assume that 
x : M — > M.f is a properly embedded complete stationary surface of finite topological 
type (i.e., M is homeomorphic to a compact surface with finite punctures), and the 
number of ends is at least two, does x always has finite total Gaussian curvature ? 
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In Section 6 to 8 we have constructed many embedded complete stationary sur- 
faces in R|, and refuted the conclusions of the Lopez- Ros theorem and Meeks- 
Rosenberg theorem under the assumption of embeddedness (see the introduction 
and Section 6). Another deeper results on properly embedded minimal surfaces in 
R 3 is 

Collin's theorem [6] If M C R 3 is a properly embedded minimal surface with 
finite topology and more than one end, then M has finite total Gaussian curvature. 

It seems that embeddedness is not quite restrictive for complete stationary sur- 
faces in the 4-dimensional Lorentz space according to our observations before. So 
at the beginning we thought the conclusion of Collin's theorem might also be false 
in Rf. 

The first attempt to construct counter-examples is using the stationary graph 
like Example 16.21 which is complete, embedded, with genus zero and one end. We 
modified ([3i|) to get 

x z dz = (1, \/2i, cosh(z 2 + z~ 2 ), sinh(z 2 + z~ 2 ))dz. 

Obviously, x z is still isotropic, and the term z 2 + z~ 2 is to introduce a new pole at 
z = 0, at the same time avoiding new periods by putting the power to be a even 
number 2. By the first two components, x = Re J x z dz is still a graph and embedded. 
But ds = \x z \\dz\ and \x z \ = 3 + | cosh 2 (z 2 + z~ 2 )\ 2 - | sinh 2 (z 2 + z~ 2 )| 2 G [2,4]. So 
x is not complete at z = 0. Other similar constructions will not produce counter- 
examples as desired, since they have the same problem. 

We also tried to modify the construction above in other ways: 

x z dz = (z k -i(z k + ^),2cosh(z),2sinh(2;)^ dz 

Like Example 13.41 and 13.51 their gauss maps are <fi = z k e z , ip = — Thus they 
could not be counter-examples either. Specifically, When k > 2 the total curvature 
is finite; when k = 1, although the total curvature does not converge absolutely, the 
period condition is not satisfied and the topological type is not finite. (Moreover we 
can show that it has self- intersections in Rf.) 

If we consider the generalized catenoid in Example 17.11 which is complete, em- 
bedded, with genus zero and two ends, and take t = 1, i.e. 

— 1 z — 1 

4> = z + l, ib = -, dh = — tt— dz, 

z — 1 z A 

then this limit case is still embedded (by the same argument as Proposition IT.3|) and 
regular. Since now we have a bad singular end z = 0, the total Gaussian curvature 
does not converge absolutely (see Section 4). It looks as if the conclusion of Collin's 
theorem is refuted. The similar trouble is that ds = |x 2 ||dz| = \cb — 4>\\dh\ = 
\ zS -~ z \\dz\, and the integration of |x 2 ||d2;| along the real axis z £ R gives a finite 
number. So this singular end z = is not complete as desired. 

From the first and the third examples above we also see that the properness no 
longer implies completeness like in R 3 . 

Because we can not find simple counter-examples, although there are so much 
difference compared with the case of 1R 3 , for stationary surfaces in Rf we conjecture 
that Collin's theorem might still be valid. If this is true, it will complement previous 
existence results and deeply influence our understanding of the embedding problem 



m 
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Problem 3. Assume that a complete stationary surface in M.f has finite total Gaus- 
sian curvature, i.e. f \K\dM < +00. Does it imply that J | — K + iK \dM < +00 ? 

This problem was mentioned in Remark 12.61 In particular, if the conclusion 
is true, we conjecture that the integration of the normal curvature vanishes, i.e., 
f K dM = 0. See Remark 15.41 for related discussions. 

Problem 4. Classify complete stationary surfaces in R| with finite total curvature 
f KdM = -4vr. 

It is well-known that such minimal surfaces in M 3 are catenoids and Enneper 
surfaces. If we assume that it is algebraic and it has no singular ends, we can get 
the same conclusion (Proposition 17.31 and 18. 3p . 

How about the case of algebraic stationary surfaces with good singular ends? So 
far we can show |19j that if such surfaces exist with J KdM = —4ir, then it must be 
x : C\{0} — > M.f with two good singular ends at 0, 00, whose Weierstrass data are 

z m+1 z + b 

<f>(z) = z m (z + a), Mz) = dh = -^dz, 

where the parameters a,b G C\{0} must satisfy a + b = 1 to satisfy the period 
condition. 

But it is very difficult to decide whether there exist a singular point z (where 
4>{z) = ip(z)). In other words, (when m = 1) whether we can choose a and b = 1 — a 
suitably such that the equation 



z(z + b) = z /{z + a) 

has no solution except the trivial root z = (and z = 00). 

Thanks to the help of our colleague Professor Bican Xia with his symbolic com- 
putation software, it has been verified that there is no such a pair {a, b = 1 — a} as 
desired. Encouraged by this, we are still struggling to find a straightforward proof to 
this fact. Once this is achieved, we know that complete algebraic stationary surfaces 
with J KdM = — 4-7T are still generalized catenoids and Enneper surfaces. 

We also observe that Example 13.21 the simplest example with essential singu- 
larities in (f), t/j with finite total curvature has J KdM = —8tt when k = 2, and 
J KdM = —4tt could not be realized in that family. So there might be no new ex- 
amples even without the assumption of algebraic. Proving this conjecture is surely 
a much harder task. 

When the total curvature / KdM > -12vr, Meeks [24J, Lopez [22] and Costa [7] 
have finished such classifications in M 3 . But in view of so many new examples of 
total curvature — 8ir with good singular ends (Example 16.81 RT9j) . or with essential 
singularities for </>, ip (like Example l3.2p . and noticing the already existing difficulties 
when / KdM = -4tt, it seems no hope to obtain a similar classification. 



Problem 5. Estimate the possible exceptional values of the Gauss maps (f) and i/i 



of complete stationary surfaces in Rf. In particular, can we generalize Fujimoto's 



Theorem fWyto Mf ? 

When the complete stationary surface is assumed to be algebraic, we can use the 
same method as Osserman [28] to show that if the surface has no singular ends, then 
the exceptional values of either of (fi,ip is no more than 4 [20 . If we allow singular 
ends, then we can obtain a weaker conclusion that at least one of the exceptional 
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values of any of (p and ip is no more than 4. If we add the condition of finite total 
Gaussian curvature, then the number 4 could be replaced by 3. All these are all 
similar to the case of M 3 . The next step is to assume only completeness and try to 
generalize Fujimoto's Theorem [lOj . 

Note that it is also interesting to consider the upper bound of the exceptional 
spacelike or timelike directions |20j . 

Problem 6. Apply our theory to study spacelike Willmore surfaces in Lorentzian 
space forms and Laguerre minimal surfaces in R 3 . 

As mentioned in the introduction, this is the original motivation for our explo- 
ration reported in this paper. Stationary surfaces in M.f are special examples of 
spacelike Willmore surfaces in Lorentzian space forms [23]. When being complete 
with planar ends (the definition is similar to the case of R 3 ), such surfaces will com- 
pactify to be compact Willmore surfaces in Q|, the universal compactification of 
4-dimensional Lorentz space forms. This construction yields all compact Willmore 
2-spheres in [23], |32] , In particular, it is interesting to know whether there exist 
Willmore 2-spheres in Qf with Willmore functional 4irk, (k = 2,3,5,7). Note that 
k = 2,3,5,7 are all exceptional values for immersed Willmore 2-spheres in § 3 [3], 

A stationary surface in M| also corresponds to the so-called Laguerre Gauss map 
of a Laguerre minimal surface in M 3 [31]. So our theory provide a direct method to 
construct examples of Laguerre minimal surfaces and to study their global geometry. 

Problem 7. Can we have any general result about the equation 

(p = ip (*) 
for a pair of meromorphic functions (p,ip over a Riemann surface? 

To the best of our knowledge, there is no general theory on such equations. We 
collect some known facts on this problem. 

• There exist many pairs of functions {(f), ip} for which there is no solutions to 
equation (*). For example, in Example l6.5[l7.11 and l8.1l we take ip = When 
the parameter a, c are chosen suitably there is no solution to = ip = <p. 
Another example is Example 13.21 

• For meromorphic functions <f), ip over compact Riemann surface M, if there is 
no solution to equation (*), then degcp = degip (see Corollary I4.11I or Theo- 
rem I5.ip . This a necessary but not sufficient condition for the non-existence 
of solutions. 

• Regard (*) as zeros of complex harmonic function <p — ip. Since this is a 
complex- valued function with convergent power series (analytic function), its 
zero locus is a union of isolated points and some analytic arcs which might 
meet at some vertex (at each vertex there are finitely many of such arcs). 

In two concrete problems we need to deal with this technical trouble. 

One is in Problem U where we have to find suitable a, b satisfying a + b = 1 so 
that the equation (I68p has only trivial solution z = 0. Since the parameters a, b has 
one degree of freedom to choose, the discussion is quite involved. See Problem 4 
where we mentioned our progress. 
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The other one is in Problem [TJ When considering one end with an essential 
singularity of given <j), ip , we want to know whether there will be infinitely many 
singular points p such that (f>(p) = ip{p) in the neighborhood of this end. By the 
theorem of Weierstrass, around an essential singularity of a holomorphic function (j>, 
it may take almost every complex value infinitely many times. Thus the conclusion 
to our problem seems quite unclear. 

Final remarks 

We may compare to the theory of minimal surfaces in M 4 . In that case, we still have 
a pair of Gauss maps <f>,tj) into CP 1 x CP 1 . This target space is endowed with its 
standard Kahler form, and the unitary group action induced from CP 3 . So it suffices 
to study the Kahler geometry of CP 1 x CP 1 . In particular, Osserman's theorem 
|27| and Fujimoto's theory |10] are based on this observation. 

For stationary surfaces in M 4 , the two Gauss maps together gives a mapping 

(0,$):M — > Q 2 = {(z,w) G CP 1 x CP 1 | z / w}, 

p ^ {<i>(p), 

The target space is an open 2-dimensional complex manifold homeomorphic to S 2 x 
S 2 with the diagonal removed. The projective action of the Lorentz isometries on 
IR 4 induces an action of SL(2, C) on this Q 2 (Remark 12 .3p : 

a t -\ (az + b aw + b\ (a b\ nT/n ^, 

A-(z,w) i-> -, , A=[ ,)eSL(2,C). 

Under this action we have an invariant complex 2-form 

= - — dz A dw, (69) 
(z — wy 

whose pull-back to M via the mapping ((f), ^5) is exactly the curvature form — K+iK 1 - 
up to a constant by ([25]) . Thus we have to study a new geometry of 

(Q 2 , 6, SL(2,C)), 

which is related with both the problem of finite total curvature (Problem [TJ [21 [3|) 
and the value distribution problem of (f), tp (Problem [5j [7|). 

Now let us explain several previous results from this viewpoint. It is easy to 
see that there is no SL(2, C)-invariant area form on any component of CP 1 x CP 1 . 
Thus Osserman's original argument (that finite total Gaussian curvature implies no 
essential singularity of the Gauss map) does not apply at here. In particular we 
have counter-examples in Section 3. 

Singular points/ends now appear as intersections of the mapping (4>, ip) with the 
diagonal {(z,w) £ CP 1 x CP 1 | z = w}, on which 6 tends to oo. Thus at singular 
ends the curvature integral is improper. It is a subtle question why this integral 
converges absolutely exactly when this is a good singular end. See Proposition 14.31 
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